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C Technical Appendix

C.1 Analysis of Example II, section 3.2

Proposition 6 Assume that 6 < m and R € |1+ (11:/\1€ ((1i§§3;f((11:g)))\)5]. Then, there

exists b < by such that for b € [b, b, a Markov equilibrium is characterized by the following

policy functions:
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where b= 7w/ (R—1), g5 = wl (1 +¢) (1 —7)/(1+ B) > 0, and the sequence {0h =012, o

is the unique solution to the difference equation

(b = Vo + 7)™ (0, = RO+ 70) TV = (5 — Rbfy +7w) TV (67

gwen by. The sequence {b}}, 19 o i monotonically increasing in n and lim, .. by, = b.



The equilibrium is shown in Figure Al.

FIGURE Al HERE

Proof Strategy. The proof strategy is analogous to Krusell and Smith (2003). We have

structured the proof in 10 lemmas. Lemmas 6 establishes that the set of admissible interest

rates, R € |1+ (11:)?; 7 ((ijgf((ll:g)))\) 3 is nonempty. Lemma 7 establishes that the sequence

{b% 107, implicitly defined by (67) describing the set of steady states converges to b along
an increasing path. Lemma 8-15 jointly establish that there exist no profitable one-period
deviation from the equilibrium. In other words, they show that if future policy outcomes follow
the equilibrium functions (64), (65) and (66), the current political choice is also characterized
by (64), (65) and (66) (namely, we have a fixed point). Specifically, Lemma 8 checks the intra-
temporal optimality condition and Lemma 9 provides the objective functions of the current
government’s intertemporal choices. Lemma 10 proves then that there exists b < bj such that
for b € [b,by], b and b}, are locally optimal for b' € [b,b5) and b € [b%,b% ), respectively.
Next, Lemma 13 shows that bf is globally optimal for b € [b, bj]. We then move to b € [bf, b}].
The local optimality of b for V' € [ v, by +1) is obtained by Lemma 11. The global optimality
of b/ = b is ensured by Lemma 12 and 15, showing that ¥’ = bj is better than any b’ > b
and any b < bf, respectively. Using Lemma 14, the same logic applies for b € [b;';, by +1] with
n > 1.
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always holds. m
Lemma 7 The sequence {b},}>°, converges to b along an increasing path.

Proof. (67) gives an implicit difference equation of b}. Rearranging (67) and using the fact

that 7w = (R — 1) b, we obtain
_ (408
Yn = (zn) T, (68)




(R—1)b+b% —RbX b—b*

where y,, = = b:l:)* L and z, = m. Linearizing (68) around b}, = by | yields
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or equivalently
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It is immediate that if % < 1 (or equivalently R > 1+ %), b} is converging to

the maximum debt level b along an increasing path. m

Lemma 8 Suppose that B (b) follows (66). Then, the optimal intra-temporal solution is such

that T=1— %g <7 ifb<by and T =T otherwise.

Proof. The first-order condition linking 7 and ¢ establishes

148 (1-7)0(1+)
T:{l mroed 9> —rg—

T otherwise

Given B (b), the above equality leads to G (b). Replacing g with G (b), we obtain an equivalence

between g > gl_—%w and b <b;. m

Lemma 9 Suppose that future policy outcomes follow (64), (65) and (66). Then, the current

government’s objective function is

(1+B+060(1+v))log (b +w — Rb)
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for b > bj, where ( = %



Proof. (64), (65) and (66) establish that fori > 1, 744; = T and byy14; = b if by € [b;‘;, b;‘;ﬂ].

If byy € [b,bE], we have Ty4q = 7 — wgg—g@w (b — byg1), Tegi = 7 and by = b, for i > 2.

Denoting b’ as the current government’s choice of public debt and ignoring constant terms, we

thus obtain

Vo (§) = { (1 20+ (1+5) Nlog (05 — R + ) & T AN og (fo — (R—1)%) it/ € [bb5]
(L+A)0log (b, — RV + Tw) + 755 BAlog (Tw — (R — 1) bj;) if o' € [0, b5 ]

Substituting the above equation into (17) and using Lemma 8 lead to (70) and (71). m

Lemma 10 Suppose that future policy outcomes follow (64), (65) and (66). Then, there ezists
b < bfy such that for b € [b,b], any choice ' € [b,b§) can be improved by V' = bf and any choice
V€ (b,b5,1) can be improved by b’ = b},

Proof. For b € [b, b], since % is increasing in b and decreasing in b, it is sufficient to show

that
oV

o

Since R < ((litfﬁ((f:%&) 5> there exists b < bj such that the above inequality always holds.

_ 1+8+0(1+4y) (A+N0+(1+B)N)BR
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Hence, any choice b’ € [b, b§] can be improved by b’ = bj.

For b € [ . ZH], it is sufficient to prove that

8_V _1+B+9(1+¢)_ (I+XN)0BR <0
OV |popy s hHw—RO;  bf+Tw— Ry
Since % bt b b is decreasing in by, we only need to show
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The above inequality implies that

(14460 +9)7 00+ N)FR < (L4 5+0(1+%) ~6(1+ ) 5R) (R 1)L
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First note that when 7 = 1, LHS is equal to RHS. For the inequality to hold for 7 € [0, 1),

we need to show that the slope of LHS 1 4+ 8 + 6 (1 + 1) is greater than the slope of RHS

(HBM(H@%(1frJ:‘2fR)(l+B+0(Hw)). This is ensured by the fact that R > 1 + @1\/;_6

= (1+6+9(1+¢)—9(1+/\)ﬁR)<

Hence,

any b’ € ( . b*+1) with n > 0 can be improved by b;,. =

n’-n

Lemma 11 Suppose that future policy outcomes follow (64), (65) and (66). Then, for b €
[b5, b7

%1, any choice b € (b}, bk, ) can be improved by b' = b};.

4



Proof. Since the tax rate is constrained when b > bjj, the government’s objective function

follows (71). For b’ > b, differentiating V' with respect to b yields

WV (1+¥)0 A+ VPR
oV —Rb+7w bt — RV +7w

It is sufficient to prove that % < 0at b =0} for b e [bf,b].

oV (46 0(1+\)BR

ov _ B 0
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We show that
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(1+) (b5 +7w) — (1+ ) Rb: < (14X BR(b: +7w) — (1+)\) SR?b
(1+9¢—(1+XNBR) (b +7w) < (1+v¢— (14X BR)Rb, —(1+X)BR*(b—10)
(14+NBR—1—1) (b5 — Rb: +7w) > (1+X\)BR%(b—1b)

This is always true if b < 0Y. =

Lemma 12 Suppose that future policy outcomes follow (64), (65) and (66). Then, for any
be [b,b5, 1], V' =bnys for any s > 0 is dominated by b/ = by;.

Proof. We show that for any b € [b},b% 4],

0 (1 + 1) log (b5 — Rb 4 7w) 4 0 (1 4+ \) Blog (b, — RbY: + Tw)
> 0(1+v)log (b:urs - Rb—i‘?w) +6(1+\) Slog (bn+s — Rb; —i—?w). (72)

Rearrange

0 (1+) (log (b;, — Rb+ Tw) — log (b:H-s — Rb+ 7"10))
> 61+ ) B (log (b — Rb},, + Tw) — log (b), — Rb; + Tw))

The LHS and RHS of this expression can be written as

i=s—1
> 0(1+) (log (b — Rb+ 7w) —log (b, 141 — Rb + Tw)) (73)
=0

1=s—1
> 01+ B (log (b yip1 — R, iyq + Tw) —log (b — Rbys +7w)) . (74)
=0

According to the difference equation
(b5 — RV +7w) Y (0 — Rb + 7)1V = (55, — Rb: 4 7w) TETOEVE
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(74) is equal to

i=s—1

Z 0 (1+ ) (log (by; — Rb}, i1 +Tw) —log (b — Rby s + Tw))
=0

Due to the increasing by,
log (b ; — Rb+ Tw) — log (b}, ;11 — Rb + Tw)
> log (bjyi — Rbjyiy1 + Tw) —log (b 511 — Rbirin + Tw)
for any b € [b},b},,]. This establishes that the LHS of (72) is indeed larger than the RHS of
(72). m
Lemma 13 Suppose that future policy outcomes follow (64), (65) and (66). Then, for b €
[b,b5], b' = bk for any s > 0 is dominated by b' = b.
Proof. We need to show that for any b € [b},, b5, 4],
(1+8+0(1+1))log (b — Rb+ w) + 6 (14 X) Blog (b — Rbjy + Tw)
> (1+6+0(14))log(b; — Rb+w)+ 60 (1+ X)Blog (b — Rb + Tw) .
The rest of the proof simply follows the same procedure as in Lemma 12. =

Lemma 14 Suppose zg > zp, and bg > br,. Then,
0(1+)log(zg — Rbp, +7Tw) + 0 (14 X) Blog (B (z2) — Rzpr + Tw)
> 0(1+1)log(zr — Rbp, +7Tw) + 0 (1 + X) Blog (B (z1) — Rz, + Tw)
implies that
0(1+1)log (2 — Rby + Tw) + 0 (1 + \) Blog (B (z1) — Rzg + Tw)
> 0(1+1)log (21, — Rby + Tw) + 60 (1 4+ X) Blog (B (21) — Rz, + Tw).
Proof. We need to show that
log (2 — Rbr, +7w) > log(z, — Rby, + Tw) =
log (zg — Rbg +Tw) > log(zr — Rby + Tw)

Define
F (b) =log(zg — Rb+ Tw) — log (21, — Rb + Tw)

It is straightforward that F is increasing in b since zz, < zp. Hence, if F'(br) > 0, F' (bg) must

be positive. m



Lemma 15 Suppose zg > zj, and by > br,. Then,

(1+84+0(1+))log (2 — Rby, + Tw) + 60 (1 + X) Blog (B (2p) — Rzy + Tw)
> (1+84+0(1+1))log(2r, — Rbr, +7w) +60 (1 + ) Slog (B (21.) — Rz, + Tw)

implies that

0 (1+)log (2 — Rbg + Tw) + 60 (1 + X\) Blog (B (2mg) — Rz + Tw)
> O(1+1)log(zr — Rby +7w) + 60 (14 A) Blog (B (21) — Rzp + Tw) .

The proof follows the same procedure as in Lemma 14.

Now we can prove the proposition. We start with b € [b, bj], Lemma 10 and 13 imply that
the optimal ¥ = bjj. Then we move to b € [b,b;], Lemma 11 and 12 establish that b’ = b}
is better than any o > bj. Moreover, Lemma 15 establishes that any choice b’ < b cannot
be optimal. So the optimal solution ¥ = b§. The proof is completed by following the same

procedure for any n > 1 (using Lemma 14).

C.2 Calibrated Economy with Different w’s.

In Figure A2, we show the policy function B(b) for simulated economies corresponding to
the calibration of Table 1 and w changes between 0.5 and 1 (to ease visualization we only
report three simulations with w = 0.5, 0.7 and 0.9). The figure shows that B(b) changes “with

continuity” as we vary w.

FIGURE A2 HERE

C.3 Linear Equilibrium with Political Uncertainty.

Proposition 7 Assume that £ = 0 and A = 0. Then, the equilibrium with political shocks is
given by the following policy functions.

(I1-w)R(1+p)

T(b’p):1_w((l—w)(1+9(1+p))(1+,3)+w9(1+10)) (b=b).
B 0(1+p R -
G(b’p)*w9(1+p)+(1—w)(1+9(1+p))(1+ﬁ) (b=1).
Bbp) b (1-w)0(1+p)BR (b-b),

wh (1+p)+ (1 -w) (1 +0(1+p)(1+5)
where b=w/(R—1), and p € {p,,pi}



PROOF. When £ = 0 and X\ = 0, the GEE, (35), simplifies to:

1 _ 5 G Bb,p),p)
Er [G(B <b,p>,p'>} ’

Glp)  1+4
We guess that
G (b,p) =7 (p) (b—1).

Combining equations (58), (60), and (76) imply that

B0 = (1= (1 gty )1 9) 00

Combining equations (75)-(77) and rearranging terms yield,;

(p) = (1+v)0(1+p)R
T 00+ )+ (148 (1+0(1+p)

and

_ (1+49)0(1+p)R .
CON = s araarm 00

Hence, substituting the expression of v (p) into (77) leads to
BRI (1+p)

B(b,p) =b—

Additionally, in the case of A = & = 0 the intra-temporal condition, (58), simplifies to

1+

L=T0r) = arpentpw

G (b,p).

AP+ aoa Y-

(77)

(80)

Finally, recall that, when A = 0, then ¢ = w/ (1 —w). Then, equations (78), (79) and (80)

yield the policy functions in Proposition 7. This concludes the proof.





